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Abstract Two types of interacting dark energy models
are investigated using the type Ia supernova (SNIa), ob-
servational H(z) data (OHD), cosmic microwave back-
ground (CMB) shift parameter and the secular Sandage-
Loeb (SL) test. We find that the inclusion of SL test
can obviously provide more stringent constraint on the
parameters in both models. For the constant coupling
model, the interaction term including the SL test is es-
timated at δ = −0.01± 0.01(1σ)± 0.02(2σ), which has
been improved to be only a half of original scale on cor-
responding errors. Comparing with the combination of
SNIa and OHD, we find that the inclusion of SL test
directly reduces the best-fit of interaction from 0.39 to
0.10, which indicates that the higher-redshift observa-
tion including the SL test is necessary to track the evo-
lution of interaction. For the varying coupling model,
we reconstruct the interaction δ(z), and find that the
interaction is also negative similar as the constant cou-
pling model. However, for high redshift, the interaction
generally vanishes at infinity. The constraint result also
shows that the ΛCDM model still behaves a good fit to
the observational data, and the coincidence problem is
still quite severe. However, the phantom-like dark en-
ergy with wX < −1 is slightly favored over the ΛCDM
model.
1 Introduction
The accelerating expansion of the universe is an ex-
traordinary discovery of modern cosmology following
Hubble’s discovery of the expansion. A number of in-
dependent cosmological probes over the past decade
acorresponding author
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have supported this phenomenon. Examples include ob-
servations of type Ia supernova (SNIa) [1], large scale
structure [2], and cosmic microwave background (CMB)
anisotropy [3]. After this discovery, several theoretical
attempts have been made to explain it. They gener-
ally include the dark energy, modified gravity and the
local inhomogeneous model. Among the numerous can-
didates of dark energy, the ΛCDM model with a cos-
mological constant is considered to be the simplest and
most robust from the view of observations. However, the
theoretical magnitude of this constant from the particle
physical theory is of about 120 orders larger than the
constraint from observations. As a result, the so triv-
ial cosmological constant falls into the entanglement of
two notable problems. One is the fine-tuning problem
which states why the observed value of cosmological
constant energy density ρΛ is so small [4,5]. The other
is the coincidence problem [6] which states why mag-
nitude order of the inappreciable cosmological constant
is same as the present matter density with the expan-
sion of universe, i.e., ΩΛ0 ∼ Ωm0. Generally, we believe
that the evolution of cosmic component energy density
should satisfy ρi ∝ a
−3(1+wi) during the expansion of
our universe, where wi is its equation of state and a is
the cosmic scale factor. Thus, energy density of the cos-
mological constant with wΛ = −1 should not change,
while energy density of matter would decrease with a−3.
From the observations, however, they are comparable
at present epoch. Some approaches have been raised
to reconcile this problem, such as the odd anthropic
principle [7,8,9] and the “tracker field” model [10]. In
the latter approach, dark energy is no longer a con-
stant, but some scalar fields which are usually in forms
of the quintessence [11], phantom [12], k-essence [13],
as well as quintom [14]. Nevertheless, they can not get
rid of the suspicion of fine-tuning of model parameters
2in such models. Moreover, nature of the dark energy
is still mysterious. An interesting alternative is the in-
teracting model which assumes an interaction between
matter and dark energy. In this initial phenomenologi-
cal form [15], evolution of the dark energy density ρX is
assumed to follow a ratio relation, namely, ρX ∝ ρma
ξ
and ΩX ∝ Ωma
ξ, where the scaling parameter ξ is a
constant to response severity of the coincidence prob-
lem. Specially, this model can recover to the ΛCDM
and self-similar solutions [16,17] for the case ξ = 3 and
ξ = 0, respectively. Because the interaction term in this
form is redshift-dependent, this model is usually called
the varying coupling model. Different from the vary-
ing model, a constant coupling model with constant
interaction term is also provided [18,19] in which the
matter density maybe not follow the common relation-
ship ρm ∝ a
−3. Forms in this model are plump, such
as the general type ρX/ρm = f(a) [20] where f(a) is a
function of the scale factor a, or the specific interaction
term models [21]. Observationally, a large amount of
observational data, such as the SNIa, CMB, the bary-
onic acoustic oscillation (BAO) and the observational
H(z) data (OHD), are widely used to place constraint
on these coupling models. For the constant coupling
model, investigations in Refs. [22,19] deem that a large
coupling can change evolution of the universe during
the matter-dominated epoch. While for the varying cou-
pling model, investigations [23,24,25] found that SNIa
and BAO data cannot provide stringent constraint on
the parameter ξ until inclusion of the CMB data. We
note that the above observations apart from the CMB
mainly focus on the redshift z < 2. Therefore, a probe
at higher redshift is necessary and expected to better
track evolution of the universe.
In 1962, Sandage[26] proposed a promising survey
named redshift drift to directly probe the dynamics of
the cosmic expansion. In 1998, Loeb [27] found that this
observation could be achieved by collecting the secular
variation of expansion rate during the evolution of uni-
verse from the wavelength shift of quasar (QSO) Lyα
absorption lines. Therefore, this observation is usually
named the Sandage-Loeb (SL) test. According to the
schedule, it would monitor the cosmic expansion his-
tory in the region z = 2 ∼ 5 where other probes are
inaccessible. For a complement, it is useful for us to re-
visit the interacting dark energy models using this test.
Recently, Liske et al. [28,29,30] simulated some SL data
using the Monte Carlo method. From previous works,
we find that it generally produces excellent constraint
on the cosmological models, such as the holographic
dark energy [31], modified gravity models [32], new age-
graphic and Ricci dark energy models [33]. More re-
cently, Li et al. [34] found that the SL test is able to
markedly break degeneracies between model parame-
ters of f(R) modified gravity, and f(T ) gravity theory,
when combined with the latest observations. More im-
portantly, the SL test could identify the dark energy
model with oscillating equation of state and the mod-
els beyond general relativity with varying gravitational
coupling, while the SNIa is out of ability [35]. In this
paper, we would extend the analysis on coupling dark
energy models to a deeper redshift interval by virtue
of this test. Following previous works, we shall concen-
trate on two common interacting models: (1) a model
with constant interaction term δ [18,19] and (2) a vary-
ing coupling model with term δ(z) initially proposed by
Dalal et al. [15].
The paper is organized as follows. In Section 2, we
introduce the basic equations of the phenomenological
interacting models. In Section 3, we illustrate the con-
straints from the updated observations. In Section 4, we
display the constraint result from observational data.
Finally, we summarize our main conclusion and present
discussion in Section 5.
2 Phenomenological interacting models
Interacting cosmological model is an alternative way to
solve the coincidence puzzle. In this paper, we will con-
sider two fossil models with interaction between dark
matter and dark energy, namely the constant coupling
and varying coupling models. Throughout this paper,
we assume a flat FRW universe with Ωm + ΩX = 1
and a constant equation of state (EoS) wX of the dark
energy. The Friedmann equation in such assumptions is
3H2 = 8piG(ρm + ρX). (1)
The conservation equations for these interacting models
should read
ρ˙m + 3Hρm = +Γρm , (2)
ρ˙X + 3H(ρX + pX) = −Γρm , (3)
where H = a˙/a is the Hubble parameter, Γ is the in-
teraction term. The dot denotes the derivative with re-
spect to the cosmic time. Note that the total energy
density is conserved, although the individual energy
density does not obey the conservation law. For sim-
plicity, we commonly define a dimensionless interaction
term
δ = Γ/H. (4)
Generally, the positive δ (δ > 0) denotes an energy
transfer from dark energy to dark matter, while the
energy would transfer from matter to dark energy for
δ < 0.
32.1 constant coupling model
For the ΛCDM model, evolution of the matter energy
density should obey relation ρm ∝ a
−3. In order to rec-
oncile the coincidence problem, the constant coupling
dark energy model states that the evolution of matter
density does not satisfy above relation, but has a small
modification to it. Energy density of matter in this case
usually can be written as [18,19,22]
ρm = ρm0a
−3+δ = ρm0(1 + z)
3−δ , (5)
where ρm0 is the matter energy density today. The pa-
rameter δ which should be constrained by the observa-
tional data indicates a deviation of the matter density
evolution from regular relation. Assuming a constant
EoS wX of the dark energy, we obtain the energy den-
sity of dark energy from equation (3) as
ρX = ρX0(1 + z)
3(1+wX)
+ ρm0
δ
δ + 3wX
[
(1 + z)3(1+wX) − (1 + z)3−δ
]
, (6)
where ρX0 is the dark energy density today. We note
that the corresponding dark energy density no longer
obeys the relation ρX ∝ a
−3(1+wX), and presents a de-
caying component in the second term of equation (6).
The expansion rate therefore can be obtained following
the Friedmann equation (1) as
E2(z) = ΩX0(1 + z)
3(1+wX)
+
1−ΩX0
δ + 3wX
[
δ(1 + z)3(1+wX ) + 3wX(1 + z)
3−δ
]
,
(7)
where dark energy density parameter today is ΩX0 =
8piGρX0/(3H
2
0 ). The present matter density parameter
is thus Ωm0 = 1 − ΩX0. Based on the relationship be-
tween deceleration factor q(z) and expansion rate E(z),
the transition redshift (where q(z) = 0) from deceler-
ating expansion to accelerating expansion can be given
by
zt =
[
3wX
3wX + 1
(1−ΩX0)(δ − 1)
3wXΩX0 + δ
] 1
3wX+δ
− 1. (8)
According to the suggestion by WMAP-9 [36], we fix
the present dark energy density parameterΩX0 = 0.724,
wX = −1.14 and then plot the transition redshift at dif-
ferent interaction term δ in Figure 1. As introduced in
Section 1, accelerating expansion has been confirmed
by many observations. Therefore, the transition red-
shift which reflects when acceleration occurs should be
positive. In fact, many literatures found that it may be
less than unity. Thus, we obtain from the Figure 1 that
interaction term should be δ < 1. We find that the tran-
sition redshift slowly increases with the increase of δ.
Interestingly, a model-independent transition redshift
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Fig. 1 Transition redshift zt at different interaction term δ
with fixed ΩX0 = 0.724 and wX = −1.14 for the constant
coupling model.
test can also precisely determine the δ. For example, as
Riess et al. [37] evaluated from the SNIa at z > 1 using
the Hubble Space Telescope, the transition redshift is
zt = 0.46 ± 0.13. The corresponding interaction term
can be estimated at −1.21 < δ < −0.16.
2.2 varying coupling model
The varying coupling model considered in this section
is the classical scenario proposed by Dalal et al. [15].
Within the underlying theoretical assumptions, relation
between dark energy and dark matter energy densities
is
ρX ∝ ρma
ξ, ΩX ∝ Ωma
ξ, (9)
where the constant ξ characters severity of the coinci-
dence problem. Specially, this model can recover to the
ΛCDM and self-similar solutions [16,17] for the case
ξ = 3 and ξ = 0, respectively. For the FRW universe
with Ωm+ΩX = 1, the dark energy density parameter
ΩX can be solved based on the equation (9). From the
conservation equations (2) and (3), we can obtain the
interaction term [22]
δ(z) =
δ0
ΩX0 + (1−ΩX0)(1 + z)ξ
, (10)
where δ0 = −(ξ + 3wX)ΩX0 is the interaction term
today and ΩX0 is the dark energy density parameter
today. We note that the interaction is absent when
ξ = −3wX , which denotes the standard cosmology.
Inversely, the case ξ 6= −3wX corresponds to a non-
standard cosmology. With the interaction term δ, the
dimensionless Hubble parameter can be obtained from
the Friedmann equation (1) [22]
E2(z) = (1+z)3
[
1−ΩX0 +ΩX0(1 + z)
−ξ
]−3wX/ξ
.(11)
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Fig. 2 Transition redshift zt at different parameter ξ for the
varying coupling model.
The free parameters (ΩX0, ξ, wX) eventually can be
determined by the observational data. Following above
procedure in the constant coupling model, we can ob-
tain the corresponding transition redshift from the de-
celeration factor q(z) = 0 as
zt =
[
1−ΩX0
ΩX0 (−3wX − 1)
]
−1/ξ
− 1. (12)
Fixing the parameters ΩX0 and wX suggested by the
WMAP-9, we plot the transition redshift for different ξ
in Figure 2. We find that the positive transition redshift
requires constant ξ > 0. With the increase of ξ, the
transition redshift generally decreases. In the following
section, we will carry out the observational constraints
on these coupling models.
3 Observational data
The observational constraints on the interacting dark
energy models have been performed using the SNIa,
BAO, OHD, CMB. The first three observations mainly
focus on the redshift range 0 < z < 2. As a comple-
ment to previous works, we mainly forecast the ability
of future SL test into the deep redshift 2 < z < 5. To
track the evolution of interaction over the redshift, we
do not use all the observational data, but only apply
the most general SNIa and OHD at low redshift and
the CMB for early epoch as examples, because previ-
ous literatures [22,23] found that BAO cannot place
good constraints on these models.
3.1 SNIa
The SNIa data are usually presented as the luminosity
distance modulus. The updated available observation
is from the Union2.1 compilation [38], which accommo-
dates 580 data points. They are discovered by the Hub-
ble Space Telescope Cluster Supernova Survey over the
redshift interval z < 1.415. Theoretically, the luminos-
ity distance modulus is usually presented in the form of
the difference between the apparent magnitude m and
the absolute magnitude M
µth(z) = m−M = 5log10DL(z) + µ0, (13)
where µ0 = 42.38− 5log10h, and h is the Hubble con-
stant H0 in units of 100 km s
−1Mpc−1. The corre-
sponding luminosity distance function DL(z) can be
expressed as
DL(z) = (1 + z)
∫ z
0
dz′
E(z′;p)
, (14)
where p stands for the parameters vector of each dark
energy model embedded in expansion rate parameter
E(z′;p). Commonly, parameters in the expansion rate
E(z′;p) including the annoying parameter h can be de-
termined by the general χ2 statistics. However, an alter-
native way can marginalize over the “nuisance” param-
eter µ0 [39,40,41]. The remained parameters without h
can be estimated by minimizing
χ2SN(z,p) = A−
B2
C
, (15)
where
A(p) =
∑
i
[µobs(z)− µth(z;µ0 = 0,p)]
2
σ2i (z)
,
B(p) =
∑
i
µobs(z)− µth(z;µ0 = 0,p)
σ2i (z)
,
C =
∑
i
1
σ2i (z)
. (16)
In fact, this program has been widely used in the cosmo-
logical constraints, such as the reconstruction of dark
energy [42], parameter constraint [43], reconstruction of
the energy condition history [44].
3.2 OHD
The Hubble parameter H(z) = a˙/a is a key determina-
tion in the research of expansion history of the universe,
because it has close relevance to various observations. In
practice, we measure the Hubble parameter as a func-
tion of redshift z. Observationally, we can deduce H(z)
from the differential ages of galaxies [45,46,47], from
the BAO peaks in the galaxy power spectrum [48,49]
or from the BAO peak using the Lyα forest of QSOs
[50]. In addition, we can also theoretically reconstruct
H(z) from the luminosity distances of SNIa using their
5differential relations [51,52,53]. Practically, the avail-
able OHD have been applied to constrain the standard
cosmological model [54,47], and some other FRW mod-
els [55,56,57]. Interestingly, the potential of futureH(z)
observations in parameter constraint has also been ex-
plored [58]. In this paper, we use the latest available
data listed in table 1 of Ref. [59], which accommodates
28 data points. Parameters can be estimated by mini-
mizing
χ2OHD(z,p) =
∑
i
[H0E(zi,p)−H
obs(zi)]
2
σ2i
. (17)
In the calculation, we use the Gaussian prior H0 =
70.0 ± 2.2 km s−1Mpc−1 suggested by the WMAP-9
[36].
3.3 CMB
The CMB experiment measures the temperature and
polarization anisotropy of the cosmic radiation in early
epoch. It generally plays a major role in establishing
and sharpening the cosmological models. The shift pa-
rameter R is a convenient way to quickly evaluate the
likelihood of the cosmological models. For the spatial
flat model, it is expressed as
R =
√
Ωm0
∫ zs
0
dz′
E(z′;p)
, (18)
where zs = 1090.97 is the decoupling redshift [60,36].
According to the measurement of WMAP-9, we esti-
mate the parameters by minimizing the corresponding
χ2 statistics
χ2R =
(
R− 1.728
0.016
)2
. (19)
3.4 Sandage-Loeb test
The Sandage-Loeb (SL) test, namely, redshift drift ∆z
was first proposed by Sandage [26] in 1962. It is a very
potential measurement to directly probe the dynam-
ics of expansion. In the later decades [27], many ob-
servational candidates like masers and molecular ab-
sorptions were put forward, but the most promising
one appears to be the forest of the spectra of high-
redshift QSOs [61]. These spectra are not only immune
from the noise of the peculiar motions relative to the
Hubble flow, but also have a large number of lines in
a single spectrum [62]. In reality, the scheduled Euro-
pean Extremely Large Telescope will be equipped with
a high resolution, extremely stable, ultra high preci-
sion spectrograph named the COsmic Dynamics EX-
periment (CODEX) that is designed to be able to mea-
sure such signals in the near future.
A signal emitted by a source at time tem can be
observed at time t0. Because of the expansion of the
universe, the source’s redshift should be given through
the scale factor
z(t0) =
a(t0)
a(tem)
− 1. (20)
Over the observer’s time interval ∆t0, the source’s red-
shift becomes
z(t0 +∆t0) =
a(t0 +∆t0)
a(tem +∆tem)
− 1, (21)
where ∆tem is the time interval-scale for the source to
emit another signal. It should satisfy ∆tem = ∆t0/(1+
z). The observed redshift change of the source is thus
given by
∆z =
a(t0 +∆t0)
a(tem +∆tem)
−
a(t0)
a(tem)
. (22)
A further relation can be obtained if we keep the first
order approximation
∆z ≈
[
a˙(t0)− a˙(tem)
a(tem)
]
∆t0. (23)
Clearly, the observable ∆z is a direct change of the
expansion rate during the evolution of the universe. In
terms of the Hubble parameter H(z) = a˙(tem)/a(tem),
it can be simplified as
∆z
∆t0
= (1 + z)H0 −H(z). (24)
This is also well known as McVittie Equation [63]. Tak-
ing a standard cosmological model as an example, we
find that the redshift drift at low redshift generally ap-
pears negative with the predominance of matter den-
sity parameter Ωm0. This feature is often regarded as
a method to distinguish dark energy models from void
models at z < 2 (especially at low redshift) [64]. Un-
fortunately, the scheduled CODEX would not be able
to measure the drift at such low z, since the target
Lyα forest can be measured from the ground only at
z ≥ 1.7 [28]. Conveniently, it is more common to detect
the spectroscopic velocity drift
∆v
∆t0
=
c
1 + z
∆z
∆t0
. (25)
It can usually be detected at an order of several cm
s−1 yr−1. Obviously, the velocity variation ∆v can be
enhanced with the increasing of observational time ∆t0.
For the capability of CODEX, the accuracy of the
spectroscopic velocity drift measurement was estimated
by Pasquini et al. [62] using the Monte Carlo simula-
tions
σ∆v = 1.35
(
S/N
2370
)
−1(
NQSO
30
)
−1/2(
1 + zQSO
5
)q
cm/s, (26)
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Fig. 3 Comparison between the simulated ∆v over 10yr ob-
servational time and theoretical expectations of the evaluated
(a) constant coupling model and (b) varying coupling model
for different parameters. For the model (a), we change the
interaction term δ and fix other parameters under best esti-
mation by Guo et al. [22]. For the model (b), we change the
parameter ξ and fix other parameters as best estimation by
Cao et al. [24]. The simulated data points with error bars are
estimated by the equation (26) in the fiducial model.
with q = −1.7 for 2 < z < 4, or q = −0.9 for z >
4, where S/N is the signal-to-noise ratio, NQSO and
zQSO are respectively the number and redshift of the
observed QSO. According to currently known QSOs
brighter than 16.5 in 2 < z < 5, we adopt the assump-
tion in Refs. [62,65] with NQSO = 30 and a S/N of 3000.
Using the simulations, the SL test has been widely ap-
plied in the model constraints [66,67,31,34] which is as-
sumed to be uniformly distributed among specific red-
shift bins. Following previous works, we would like to
examine the ability of the SL test on the concerned in-
teracting dark energy models. The mock ∆v data set
for 10 years are assumed to obey uniform distribution
among the redshift bins: zQSO = [2 2.5 3 3.5 4 4.5 5] in
the fiducial concordance cosmological model. Errors of
them can be calculated from the estimation of equation
(26). Parameters of the fiducial ΛCDM model are given
by the best-fit values of WMAP-9 [36].
In Figure 3, we plot the predicted ∆v for different
models with different parameters. We find that the pre-
dicted ∆v curves extend away from each other at high
redshift. In fact, it is useful to precisely determine the
parameters. Comparing with the simulated ∆v, we find
that the parameters are constrained in the narrow re-
gions. For example in the constant coupling model, if
we fix wX and ΩX0 as the best estimation by Guo et al.
[22], we find that the interaction term δ ∼ [−0.3, 0.2]
seems to be favored as shown in panel (a). For the vary-
ing coupling model, the parameter ξ ∼ [2.5, 4] seems to
be favored when we fix other parameters as the best
estimation by Cao et al. [24]. Nevertheless, precise de-
termination of the parameters should minimize the cor-
responding χ2 statistics
χ2∆v(z,p) =
∑
i
[∆vmodel(zi,p)−∆v
data(zi)]
2
σ2∆v(zi)
, (27)
where ∆vmodel(zi) is the theoretical expectation of the
evaluated dark energy models, i.e., the constant and
varying coupling models. ∆vdata(zi) is the mock data
produced in the fiducial ΛCDM model, and σ2∆v(zi) is
the corresponding error estimated by equation (26).
In general, we often perform joint analysis by com-
bining several types of observational data in order to
better constrain the cosmological models. In this pa-
per, we will respectively perform the likelihood fit by
adding different types of observational data in order to
test the evolution of interaction term.
4 Constraint on the coupling models
By performing the χ2-test using different data or data
sets, we are able to report the constraint on parameters,
and reconstruct the evolution of interaction term.
For the constant coupling model, we implement the
likelihood analysis using different data sets and display
the corresponding contour constraints of parameters
(wX , δ) in Figures 4 and 5, after marginalizing over the
current dark energy density parameterΩX0. For the ob-
servational data combination SNIa+OHD+CMB, they
give a very severe constraint on the interaction term δ =
−0.01± 0.02(1σ)±0.04(2σ), which presents a weak but
negative interaction between dark energy and matter.
The rest parameters EoS and dark energy density are
also constrained to a good level, wX = −1.015
+0.14
−0.17(2σ)
and ΩX0 = 0.72
+0.04
−0.04(2σ). In order to forecast the abil-
ity of SL test, we add the simulated SL test data with
current data, and show the results in the middle panel of
Figure 4. We find that the SL test effectively reduces the
contour constraint region. Especially, the key parameter
interaction term is constrained more stringent, which
can be seen from the marginalized probability distribu-
tion (PDF) of δ in the right panel. The correspond-
ing constraints are δ = −0.01 ± 0.01(1σ)±0.02(2σ),
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Fig. 4 Contours correspond to 68.3%, 95.4% confidence lev-
els and the marginalized probability distribution of δ with
different data sets for the constant coupling model.
wX = −1.01
+0.10
−0.11(2σ) and ΩX0 = 0.72
+0.02
−0.01(2σ), re-
spectively. Previous works found that the observational
data apart from the CMB can not constrain the inter-
acting models well. We perform the same likelihood test
from the joint analysis of SNIa and OHD and obtain
δ = 0.39+0.40
−0.90(2σ), which is much more rough compared
with the inclusion of CMB. As stated by Guo et al.[22],
this is because a large coupling can change the cosmo-
logical evolution during the matter-dominated epoch.
In order to further track the evolution of interaction
with expansion of the universe, we extend our analy-
sis to the higher redshift using SL test in Figure 5. We
find that the inclusion of SL test much improves the
constraint, δ = 0.10+0.25
−0.36(2σ). The contour constraint
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Fig. 5 Same as Figure 4 but for different data sets.
region at 2σ level with the SL test is even smaller than
the constraint without SL at 1σ level. The marginal-
ized PDF of interaction δ is not only narrowed with
high significance, but also moves towards zero.
For the varying coupling model, we perform the same
likelihood test using the current observational data with
or without SL test, respectively. For the combination of
all considered current observational data, we find that
they can provide fair constraints on the parameters. For
example, the EoS and dark energy density parameters
are wX = −1.02
+0.14
−0.16 (2σ), ΩX0 = 0.72
+0.04
−0.04 (2σ), re-
spectively. The parameter ξ = 3.12+0.31
−0.29 (1σ)
+0.66
−0.57 (2σ)
represents that the coincidence problem is still severe.
From the equation (10), we find that the sign of interac-
tion term completely depends on the current value δ0 =
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Fig. 6 Contours correspond to 68.3%, 95.4% confidence lev-
els for the varying coupling model with different data sets.
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Fig. 7 Reconstruction of the interaction term δ(z) using
total samples of data for the varying coupling model. The
shaded region corresponds to the errors of δ(z) at 1σ C.L..
The red solid curve is the best-fit estimation of δ(z).
−(ξ + 3wX)ΩX0. Using the constraint results, we re-
construct the current interaction δ0 = −0.04
+0.26
−0.28 (1σ),
which presents interaction today is weak but a nega-
tive best-fit value from the available observations. This
is consistent with previous results [22]. For forecasting
the power of the SL test, we also include the mock SL
data in bottom panel of Figure 6. The allowed region
of parameters is obviously reduced, which is same as
the constant coupling model. The parameters in this
case are found to be wX = −1.01
+0.10
−0.11 (2σ), ΩX0 =
0.725+0.02
−0.02 (2σ) and ξ = 3.07
+0.20
−0.19 (1σ)
+0.41
−0.37 (2σ), which
denotes that the coincidence problem becomes more
severer with inclusion of the SL test. Moreover, the
phantom-like dark energy (wX < −1) is slightly fa-
vored over the ΛCDM model. The interaction is thus
reconstructed in Figure 7 with a current value δ0 =
−0.02+0.17
−0.19 (1σ). We find that the best-fit interaction
is negative but with relatively large errors for low red-
shift, which hints the energy transfer from matter to
dark energy. We also note that the interaction δ(z) de-
creases with the increasing of redshift z and approaches
to zero at infinity.
5 Conclusion and discussion
Till now, the constant δ [18,19] and varying coupling
δ(z) dark energy models [15] have been revisited using
the secular Sandage-Loeb (SL) test. The SL test is in
the inaccessible redshift zone for recent observations,
such as the SNIa, OHD and BAO at z < 2 and the
CMB at z ≃ 1090. We have extended the analysis to
the epoch at 2 < z < 5 using the secular redshift drift
of the QSO spectra.
For the constant coupling model, the current ob-
servation combinations give a weak interaction term,
which is consistent with previous results [22]. By includ-
ing the simulated SL test data, we find that they can
constrain the corresponding parameters more stringent,
such as the interaction δ = −0.01±0.01(1σ)±0.02(2σ),
which has been improved to be only a half of original
scale on the errors. Obviously, the interaction is neg-
ative at the 1σ level. The joint constraints of SNIa
and OHD give a weak constraint on the interaction.
As stated by Guo et al [22], this is because the CMB
data does not allow a large deviation from the stan-
dard matter-dominated epoch, otherwise it can mod-
ify the CMB angular-diameter distance. We extend the
analysis to the redshift interval 2 < z < 5 and com-
pare it with combination of SNIa and OHD in Figure
5. We find that the SL test can constrain the parameters
much more stringent. The best-fit of interaction term
is directly reduced from 0.39 to 0.10. So, the higher-
redshift observation including the SL test is necessary
to reveal how the interaction gradually changes with
the cosmological evolution.
For the varying coupling model, a relation ρX ∝
ρma
ξ is imposed on the density evolution of cosmic
components. Combining the SL test with the current
observational data, we find that they can present more
narrowed constraint, which behaves similar as the con-
stant coupling model. We also reconstruct the interac-
tion δ(z) in Figure 7. It is found that best-fit δ(z) is
9negative at low redshift and generally vanishes for high
redshift. Moreover, errors of the reconstructed δ(z) are
remarkable at low redshift. In this scenario, the terms
ξ + 3wX = 0 and ξ + 3wX 6= 0 respectively denotes
the standard cosmology without interaction and non-
standard cosmology. The ΛCDM model can be reduced
for the case ξ = 3. In addition, the coincidence problem
will be less severe for the scaling parameter 0 < ξ <
3. From the likelihood test, we find that the ΛCDM
model still remains a good fit to the recent observa-
tional data and the SL test. That is, the coincidence
problem still exists and is quite severe, which is consis-
tent with previous results. However, the phantom-like
dark energy with wX < −1 is slightly favored over the
ΛCDM model.
Investigation using the SL test on the constant cou-
pling model shows that the interaction until redshift
z ∼ 5 still cannot be neglected. Therefore, it is also
reasonable for us to deduce that the observations at
higher redshift, such as the gamma-ray burst may be
useful to detect the interacting model, because some
of them even can be monitored at the redshift z ∼ 8.
We should also note that the inclusion of SL test with
small sample can narrow the contour region obtained
from large sample with high significance, which can be
evidenced in Figure 5. Furthermore, the high-z SL test
is immune from the model-dependence, calibration of
the standard candle, and the peculiar motion of the
observed objects. Therefore, we could expect that the
future SL test will play an important role to test the
cosmological models.
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